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Abstract
In previou paper [1] we have shown that the negative norm states appear in a covariant
quantization of the minimally coupled scalar field in de Sitter space, which eliminate any
infrared divergence. In this paper we would like to generalize this method to the intraction
quantum field in the Minkowski space (new QFT). In this method infrared and ultraviolet
divergence are not appeared. The effect of these auxiliary states appears in the physics of
the problem by allowing an automatic renormalisation of the theory. It is totally different
from existing QFT (old QFT) which needs to use the renormalization procedures. We
discuss λφ4 theory in the Minkowski space for verification.
Proposed PACS numbers: 04.62.+v, 03.70+k, 11.10.Cd, 98.80.H
1 Introduction
For the rst time, Antoniadis, Iliopoulos and Tomaras [2] have shown that the pathological
large-distance behaviour (infrared divergence) of the graviton propagator on a dS background
does not manifest itself in the quadratic part of the eective action in the one-loop approxi-
mation. This means that the pathological behaviour of the graviton propagator may be gauge
dependent and so should not appear in an eective way as a physical quantity. The linear
gravity (the traceless rank-2 \massless" tensor eld) on de Sitter space is indeed builts up from
a copies of minimally coupled scalar ed [3, 4]. In a previous paper [1] we have shown that
one can construct a covariant quantization of the \massless" minimally coupled scalar eld in
de Sitter space-time which is free of any infrared divergence. The essential point of that paper
is the presence of the negative norm state which shows the role of renormalization and dose
not propagate in the physical space. In a forthcoming paper [4], we prove that this is true for
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linear gravity (the traceless rank-2 \massless" tensor eld). Recently, it has been also demon-
strated by several authors (for minimally coupled scalar eld [3, 5, 1, 6] and for linear gravity
[3, 7, 8, 9]). So the auxiliary states (the negative norm states) is necessary for obtaining a
covariant quantization of the free minimally coupled scalar eld in de Sitter space-time, which
is also free of any infrared divergence. We have shown that the eect of these auxiliary states
appears in the physics of the problem by allowing an automatic renormalisation of the infrared
divergence in the two-point function and the ultraviolet divergence in the stress tensor [1, 6].
The crucial point about the minimally coupled scalar eld is the fact that there does not exist
a covariant decomposition
H = H+ H−,
where H+ and H− are a Hilbert space and anti-Hilbert space respectively. This was the reason
for which our space of states contains negative frequency solutions. It is not the case for the
scalar massive eld for which such a decomposition exists, where H+ is the usual physical
states space and H− = H+ [1]. It has been also shown that if one uses this method to the free
\massive" scalar eld in de Sitter space one obtains an automatic and covariant renormalization
of the vacuum energy divergence [1]. In this paper we would like to generalize this method
(adding the negative norm states) to the intraction quantum eld in the Minkowski space. The
eect of these auxiliary states, which is appeared as an automatic renormalization of the theory
is proven. This means that the negative norm states play the role of renormalization procedure
and it is not necessary to use the regularization and renormalization procedure in the intraction
quantum eld.
The organization of this paper is the following. In section 2 we briefly recall the covariant
quantization of the minimally coupled scalar eld in de Sitter space. In Section 3 we use this
method for the free quantum scalar eld in the Minkowski space. Section 4 is devoted to the
intraction quantum eld theory (λφ4 theory). Finally, section 5 contains a brief conclusion and
autlook.
2 de Sitter scalar field
We briefly show the quantization of the minimally coupled massless scalar eld. It is dened
by
2Hφ(x) = 0,
where 2H is the Laplace-Beltrami operator on de Sitter space. As proved by Allen [10], the
covariant canonical quantization procedure with positive norm states must fall in this case.
The Allen’s result can be reformulated in the following way: the Hilbert space generated by a







where k = f(L, l, m) 2 IN IN ZZ; 0  l  L, −l  m  lg. This means that it is not closed
under the action of the de Sitter group. Nevertheless, one can obtain a fully covariant quantum
eld by adopting a new construction [1]. In order to obtain a fully covariant quantum eld,
we add all the modes L < −1. Consequently, we have to deal with an orthogonal sum of a
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positive denite inner product space and a negative one, which are closed under the de Sitter
group. The negative values of the inner product are precisely produced by the conjugate modes:
hφk, φki = −1. We do insist on the fact that the space of states contains unphysical states which













(x) + H.C.. (2)
The positive mode φp(x) is the scalar eld as was used by Allen. Then the following operatorial
relations are required
akj0 >= 0, [ak, ayk′] = δkk′, bkj0 >= 0, [bk, byk′ ] = −δkk′. (3)
A direct consequence of this formula is the positivity of the energy, more precisely, one can see
that
h~kjT00j~ki  0,
for any physical state j~ki and this quantity vanishes if and only if j~ki = j0i. Then it is not
needed to use \normal ordering" procedure for eliminating the ultraviolet divergence in the
vacuum energy [1], which appears in the old QFT. The another consequence of this formula is
a covariant two-point function, which is free of any infrared divergence [3, 6].
This construction is the same as used by de Vega et al. [5], which used the flat coordinate
modes solutions. For calculating the Schwinger commutator function they employed the variable
u =j ~k j and integrated on the whole range −1 < u < 1, unlike previous works where the
range of integration was only 0  u < 1 and so was at the origin of the infrared divergence and
the breaking of de Sitter invariance. On the contrary, the choice of the range (−1 < u < 1)
disapears the anomaly. The latter choice is equivalent to taking into account the negative norm
states in the covariant quantization procedure. We have shown that the Schwinger commutator
function, which is calculated by theses two dierent methods is the same [6].
3 Minkowskian free quantum scalar field
A scalar eld φ(x), which is dened in the 4-dimensional Minkowski spacetime, satisfaies the
eld equation
(2+ m2)φ(x) = 0 = (ηµν∂µ∂ν + m
2)φ(x), ηµν = diag(1,−1,−1,−1). (4)
The scalar product or norm state is dened by [11]


























where w(~k) = k0 = (~k.~k + m2)
1
2  0. Then the u(k, x) modes are orthogonal and normalized
in the scalar product (5):
(up(k, x), up(k
0, x)) = δ3(~k − ~k0),
(un(k, x), un(k
0, x)) = −δ3(~k − ~k0),
(up(k, x), un(k
0, x)) = 0. (7)
up is the positive norm state and un is the negative norm state. For quantization of this eld
in the usual way one chooses the positive norm state (old QFT). In this case one costructs
a covariant quantization but there appeares an aultraviolat divergence in the vacuum energy,
which is eliminated by dening a \normal ordering" operation.
It was proven [10] that in the case of the minimally coupled scalar eld in de Sitter space
one can not construct a covariant quantization of this eld with the only positive norm state
and also there appears an infrared divergence in the two point function. For obtainning a
covariant quantization and eliminating the infrared divergence the necessity of using the two
set of solutions (positive and negative norms states) is proven [1]. We will show that if we
use this method for the free scalar eld in Minkowski space the aultraviolat divergence in the
vacuum energy disapears and one need not to use the \normal ordering" operation. For the
quantum eld (new QFT) we dene








d3~k[b(~k)un(k, x) + b
y(~k)un(k, x)]
The commutation relations are dened by
[a(~k), a(~k0)] = 0, [ay(~k), ay(~k0)] = 0, , [a(~k), ay(~k0)] = δ(~k − ~k0), (9)
[b(~k), b(~k0)] = 0, [by(~k), by(~k0)] = 0, , [b(~k), by(~k0)] = −δ(~k − ~k0), (10)
[a(~k), b(~k0)] = 0, [ay(~k), by(~k0)] = 0, , [a(~k), by(~k0)] = 0, [ay(~k), b(~k0)] = 0. (11)
The vacuum state j 0 > is dened by
ay(~k) j 0 >=j 1~k >=j one-particle state >; a(~k) j 0 >= 0, 8~k, (12)
by(~k) j 0 >=j 1~k >=j unphysical state >; b(~k) j 0 >= 0, 8~k, (13)
b(~k) j physical state >= 0; a(~k) j unphysical state >= 0, 8~k. (14)
The norm in the Hilbert space and anti-Hilbert space (Krein space) are dened by
< 0 j 0 >= 1,
< physical state j physical state >=< 1~k j 1~k >= 1,
< unphysical state j unphysical state >=< 1~k j 1~k >= −1. (15)
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If we calculate the vacuum energy in terms of these Fourier modes and vacuum state, we have
< 0 j H j 0 >= 0. (16)
This energy is nite and it is not needed to use the \normal ordering" operation. We generalize
this method to the intraction quantum eld, which will be considered in the next section. We
end this section with presenting the various Green function, whcih is very important in the
intraction case [11]. In this case the Wightman two point function is the imagenery part of the
previous one (usual QFT with the positive norm states)
W(x, x0) =< 0 j φ(x)φ(x0) j 0 >= Wp(x, x0) +Wn(x, x0) = 2i=Wp(x, x0), (17)
where Wn = −Wp . The commutateor and anticommutator of the eld, denoted respectively
by
iG(x, x0) =< 0 j [φ(x)φ(x0)] j 0 >= 2iImW(x, x0) = 4i=Wp(x, x0), (18)
G1(x, x0) =< 0 j fφ(x)φ(x0)g j 0 >= 0. (19)
Without a multipicative constant factor the Schwinger function is same in the two formalism
G = 2Gp. Retarded and advaced Green functions are dened respectively by
Gret(x, x
0) = −θ(t− t0)G(x, x0), (20)
Gadv(x, x
0) = θ(t0 − t)G(x, x0). (21)
The Feynman propagator is dened as the time-ordered product of elds
iGF (x, x
0) =< 0 j Tφ(x)φ(x0) j 0 >= θ(t− t0)W(x, x0) + θ(t0 − t)W(x0, x). (22)
Then in this case we obtain
iGF (x− x0) = iGpF (x− x0) + (iGpF (x− x0)). (23)
where the positive norm state is





k2 −m2 + i . (24)





[θ(t− t0)G(x, x0)− θ(t0 − t)G(x, x0)]. (25)
In the momentum space for the propagator we obtain
i
k2 −m2 + i +
−i
k2 −m2 − i = 2piδ(k
2 −m2) (26)
Since in the rst we choose k0  0, for the propagator we have 2piθ(k0)δ(k2 − m2). So if we
replace the usual propagetor in the old theory (positive norm state) with the follwoing one, we
obtain the new theory,
i
k2 −m2 + i −! 2piθ(k
0)δ(k2 −m2). (27)
This point will be discussed in the following section.
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4 The intraction QFT
One of the most important problem in the intraction Quantum eld theory is the appearance
of divergence. The origin of divergence lies in the singular character of Green function at
short relative distances. There are dierent methods for considering the divergence. One of
them, Pauli-Villars regularization, is very near with our construction which is considered in the
following. First we compare our result with a rule which has been invented by Ramond [12]. In
his book, λφ4 theory was considered very well and completely. He invented a new set of rules
(cut propagator) by calculating the cross section where the full propagator is replaced by the
following one [12] (pages 211),
i
k2 −m2 + i −! 2piθ(k
0)δ(k2 −m2). (28)
This is the smae as equation (28) which was obtained to add the negative norm states in the
old λφ4 QFT. Now we consider the Pauli-Villars regularization. This method has long been
used in Minkowski space intracting quantum eld theory as a regularization technique [13]. In
Pauli-Villars regularization one cutos the integrals by assuming the existence of a ctitious
particle of mass M and the propagator modied by [14]:
i
k2 −m2 + i +
−i
k2 −M2 − i . (29)
The minus sign in the propagator means that the new particle is a ghost, that is, it has negative
norm. Then, one takes the limit M2 −! 1, so that the unphysical particle decouples from
the theory. But there appears the singularity of the type (ln M
2
m2
) which can eliminate with the
redenition of the free parameter in the lagrangian (counterterm). We see that in the rst one
eliminates the negative norm state of the solution of the eld equation with mass m but in the
following one presents the negative norm state with the mass M . If one dose not eliminate the




= 0) disappears and one need not to use the counterterm in the lagrangian or the
renormalization procedure. Then we replace the propagator with
i
k2 −m2 + i +
−i
k2 −m2 + i = 2piδ(k
2 −m2), (30)
which is the precedent rule (27). For the old λφ4 theory the rst integral, which is the quadratic





k2 −m2 + i . (31)
If we replace the propagator with equation (27) one obtains
I =
∫
d4k2piδ(k2 −m2) = 2pi2m2, (32)












Then for the positive norm state in the one loop correction the propagator is dened by
i(k) =
i




For the full propagator in the one loop correction we have
2piθ(k0)δ(k2 −m2 − λ
32pi2
2m2). (36)
In the one loop correction the mass is also replaced by




where m(0) = m. Due to the intraction the eective mass of the particle m(λ), which determines
its response to an externally applied force, is certainly dierent from the mass of the particle
without intraction m(0). In this case, m(0) and m(λ) are both measurable. One can generalize
this method to the QED. The latter has been very well considered in the Pauli-Villars method
in diferent books [14, 15, 16]. If one replaces M in the Pauli-Villars method with m, one obtains
a renormalized theory inwhich the negative norm states have been dened (new QFT). It is
emphasize that in this method, renormalizability as well as unitarity are obtained ([12], pages
211).
5 Conclusion
One of the most important dicult problem which was appeared in QFT is the singularities.
Eliminating these singularities, dierent methods have been presented. In this paper we discuss
due to the eliminating of the negative norm states these singularities appear in QFT. The latters
are also solution of the eld equation. For the rst time the problem of negative norm state
appeared in the quantization of the minimally coupled scalar eld in de Sitter space. Contrary
to the Minkowski space, the eliminating of negative norm states in this space breaks de Sitter
invariant. Then for obtaining the de Sitter invariant, one needs to take account the negative
norm states, which play also the role of the renormalisation technique [1]. If we use the two
solutions of the eld equation (negative norm states as well as positive norm states) in the
Minkowski space, the singularity dose not appear in the QFT and it is not needed to use the
renormalization procedures. We also discuss on the renormalized λφ4 QFT. It is very simple
to generalize this method to the other renormalized QFT, which has been regularized with
the Pauli-Villars method (gauge theory). This construction is important for considering the
non-renormalized QFT such as quantum gravity in Minkowski space (and also in de Sitter
space). The rst possibility is the QFT of these elds in this method maybe nite in all
order of perturbation. Then the singularity dose not appear in the quantum gravity which is
renormalized and unitarity. This method may open the door for quantum gravity. This case
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will be considered in the next paper. The another week posibility is that the negative norm
state may appear in the physical quantity, which its meaning is not yet clear. From the point
of view of the old QFT this may means the theory is not renormalized.
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